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Abstract
We present a study of anomalous electroweak gauge-boson couplings which
can be measured in e+e− and γγ collisions at a future linear collider like
ILC. We consider the gauge-boson sector of a locally SU(2) × U(1) invari-
ant effective Lagrangian with ten dimension-six operators added to the La-
grangian of the Standard Model. These operators induce anomalous three-
and four-gauge-boson couplings and an anomalous γγH coupling. We calcu-
late the reachable sensitivity for the measurement of the anomalous couplings
in γγ →WW . We compare these results with the reachable precision in the
reaction e+e− → WW on the one hand and with the bounds that one can
get from high-precision observables in Z decays on the other hand. We show
that one needs both the e+e− and the γγ modes at an ILC to constrain the
largest possible number of anomalous couplings and that the Giga-Z mode
offers the best sensitivity for certain anomalous couplings.
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1 Introduction
A future linear electron-positron collider ILC with c.m. energies of 500 GeV and
more offers excellent possibilities for high precision studies of the Standard Model
(SM) of particle physics [1–4]. Particularly interesting is the electroweak gauge-
boson sector where the SM couplings are fixed by the requirement of renormalisability.
Deviations from the SM values for these gauge-boson couplings would be a clear sign
of new physics. A comprehensive study of gauge-boson couplings is, therefore, highly
desirable. To this end all options for the ILC, in particular e+e− and γγ collisions,
have to be considered.
In this paper we continue to explore and summarise the potential of a γγ collider—
especially in comparison to the e+e− mode—for constraining anomalous electroweak
gauge-boson couplings hi in an effective Lagrangian,
Leff = L0 + L2 , (1.1)
which respects the SM gauge symmetry group SU(3)× SU(2)× U(1) and contains
only the SM fields. Here L0 is the Lagrangian of the SM and
L2 =
(
hWOW + hW˜OW˜ + hϕWOϕW + hϕW˜OϕW˜ + hϕBOϕB + hϕB˜OϕB˜
+ hWBOWB + hW˜BOW˜B + h
(1)
ϕ O
(1)
ϕ + h
(3)
ϕ O
(3)
ϕ
)
/v2 ,
(1.2)
contains all dimension-six operators Oi that either consist only of electroweak gauge-
boson fields (W,B or W˜ , B˜ respectively) or that contain both gauge-boson fields and
the SM-Higgs field (ϕ). For the detailed definition of the operators in L0 and L2 see
App. A in [5] and for a general discussion of operators with dimension higher than
four see [6, 7] and references therein.
In (1.2) v ≈ 246 GeV denotes the vacuum expectation value of the SM-Higgs-
boson field. The hi are the anomalous couplings which are to be measured at the
ILC. Since we introduce the factor 1/v2 in L2 the couplings hi are dimensionless.
From a measurement or from bounds of a hi one can estimate a lower bound on the
scale of new physics as
Λ =
v√|hi|+ δhi . (1.3)
Obviously, this approach is well suited to study effects of physics beyond the Standard
Model (SM) at a future e+e− linear collider (LC) with a design like TESLA [1] or
CLIC [2] in a model-independent way. A γγ collider—where two high-energy pho-
tons are obtained through Compton backscattering of laser photons off high-energy
electrons— extends the physics potential of a future LC substantially. Such a photon-
collider option has been discussed for example for e+e− machines like TESLA [3] or
CLIC [4].
It is particularly interesting to study the rich phenomenology induced by the
Lagrangian (1.1) at a future LC both in the high-energy e+e− and γγ modes, and in
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the Giga-Z mode. In a preceding work [8] the gauge-boson sector of such a Lagrangian
and its implications for e+e− → WW and for precision observables measured at the
Z pole were studied. See also [9, 10] and references therein. In [5] we calculated
the amplitudes for the process γγ → WW induced by the anomalous terms in the
Lagrangian. Also the relation to other approaches [11–15] to anomalous couplings,
like the use of form factors, was discussed, see [5].
In this work we study, in the framework of the Lagrangian (1.1), the process
γγ →WW → 4 fermions. In the reaction γγ → WW anomalous contributions to
the γWW , γγWW and γγH vertices can be studied. In particular we compare the
results for the photon collider with those obtained in [8] for the reaction e+e− → WW
in order to see which anomalous couplings can be measured best in which collider
mode.
Our paper is organised as follows: In Sect. 2 we summarise the results from [8]
required here and give the bounds on the anomalous couplings that are calculated
from present data. In Sect. 3 we review the differential cross section for the process
γγ →WW with fixed c.m. energy of the two-photon system which was derived in
the companion paper [5]. In Sect. 4 we review briefly the concept of the optimal
observables. In Sect. 5 we use the optimal observables to calculate the reachable
sensitivity to the anomalous couplings in γγ → WW at a future ILC. We compare
these results with the sensitivity reachable in the e+e− mode both from e+e− → WW
and from Z production. Our conclusions are presented in Sect. 6.
2 Preliminaries and present constraints
In this section we summarise the results from [8] that are required in this paper. We
also give the present bounds on the hi as calculated in [8] from LEP and SLC results.
The relation to other work on anomalous electroweak gauge-boson couplings [15–21]
is discussed in [8].
After electroweak symmetry breaking some operators of L2 lead to new three-
and four-gauge-boson interactions, to γγH interactions, and some contribute to the
diagonal and off-diagonal kinetic terms of the gauge bosons and of the Higgs boson as
well as to the mass terms of the W and Z bosons. Thus one first has to identify the
physical fields A, Z, W± and H . As explained in [8] this requires a renormalisation
of the W -boson and of the Higgs-boson fields. Furthermore, the kinetic matrix of the
neutral gauge bosons has to be transformed into the unit matrix while keeping their
mass matrix diagonal in order to obtain propagators of the standard form. The full
Lagrangian (1.1) is then expressed in terms of the physical fields A, Z, W± and H . In
this procedure the neutral- and charged-current interactions are modified although no
anomalous fermion-gauge-boson-interaction term is added explicitly. Therefore the
Lagrangian (1.1) leads to a rich phenomenology to be probed at a future LC both in
the high-energy e+e− and γγ modes, and in the Giga-Z mode.
We now recall the input parameter schemes introduced in [8]. In the Lagrangian
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(1.1) the Higgs potential is that of the SM, cf. App. A of [5]. It contains the two
parameters µ2 and λ. They can be expressed in terms of the vacuum expectation
value v and the Higgs-boson mass mH . Then the effective Lagrangian contains the
three electroweak parameters g, g′ and v where g and g′ are the SU(2) and U(1)
coupling constants. Apart from that it contains the massmH of the Higgs boson, nine
fermion masses (neglecting neutrino masses), four parameters of the CKM matrix,
and ten anomalous couplings hi. In [8] two schemes, PZ and PW , were introduced
that include, instead of g, g′ and v, the following electroweak parameters:
PZ : α(mZ), GF, mZ ; PW : α(mZ), GF, mW . (2.1)
For the list of the other parameters, which are identical in both schemes, see Table 3 of
[8]. Here α(mZ) is the fine-structure constant at the Z scale, GF is the Fermi constant,
andmZ andmW are the masses of the Z and theW bosons, respectively. All constants
of the Lagrangian (1.1) can then be expressed in terms of one of the two parameter
sets (2.1), the other SM parameters and the anomalous couplings hi. Expressing the
Lagrangian (1.1) in terms of the physical gauge-boson fields, the physical Higgs-boson
fieldH , and the parameters of either PZ or PW , Leff shows a non-linear dependence on
the anomalous couplings hi, although the original expression (1.1) is linear in the hi.
This non-linearity stems from the renormalisation of the W and the Higgs fields, and
from the simultaneous diagonalisation in the neutral-gauge-boson sector as well as
from expressing all constants in terms of the above input-parameter sets. We then
expand the full Lagrangian (1.1) in the hi and drop all terms of second or higher order
in the hi. That is, we keep only the leading order terms in (v/Λ)
2. Throughout this
paper we consider the Lagrangian (1.1) after this reparametrisation and linearisation
unless otherwise stated. Of course, the resulting expressions depend on whether we
choose PW or PZ as parameter scheme.
As shown in [8] in linear order in the hi the neutral-current boson-fermion inter-
actions are modified by anomalous couplings in both schemes, the charged-current
interactions are changed only in the scheme PZ but in a universal way for all fermions.
Furthermore, the W - (Z-)boson mass changes in the scheme PZ (PW ) in order hi.
Due to these modifications of the neutral- and charged-current interactions and of
the boson-masses, bounds on the hi from electroweak precision measurements at LEP
and SLC can be derived as done in this framework in [8]. There the scheme PZ is
used for this purpose since mZ is known more precisely than mW . Without data
from direct measurements of triple-gauge-boson couplings (TGCs) these bounds are
of order 10−3 for hWB and h
(3)
ϕ . Moreover, a number of gauge-boson self-interactions
and gauge-boson-Higgs-interactions are modified in order hi, see Tab. 1. Note that
we only list those vertices there that are relevant either in this paper or for the ob-
servables considered in [8]. Including direct measurements of TGCs at LEP2, one
further CP conserving coupling (hW ) and two CP violating couplings (hW˜ , hW˜B) are
constrained in [8].
We now summarise the numerical results for these anomalous couplings calculated
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SM hW hW˜ hϕW hϕW˜ hϕB hϕB˜ hWB hW˜B h
(1)
ϕ h
(3)
ϕ
γWW
√ √ √ √ √
ZWW
√ √ √ √ √
PZ
γγWW
√ √ √
γγH
√ √ √ √ √ √
Table 1: Contributions of the SM Lagrangian and of the anomalous operators (1.1)
to different vertices in order O(h). The coupling h
(3)
ϕ contributes to the ZWW vertex
in the scheme PZ but not in PW .
in [8] from data obtained at LEP1, SLC, LEP2 and from furtherW -boson data. These
bounds were derived in the scheme PZ , see (2.1). The following numerical values for
the input parameters were used [22, 23]:
1/α(mZ) = 128.95(5) , (2.2)
GF = 1.16639(1)× 10−5 GeV−2 , (2.3)
mZ = 91.1876(21) GeV , (2.4)
and in the PW scheme [22],
mW = 80.423(39) GeV . (2.5)
Here as in [8], we use the following definition of the effective leptonic weak mixing
angle:
s2eff ≡ sin2 θlepteff =
1
4
(
1− g
ℓ
V
gℓA
)
, (2.6)
where gℓV and g
ℓ
A are the vector and axial-vector neutral-current couplings of the
leptons, ℓ = e, µ, τ . In the PZ scheme this quantity contains a particular linear com-
bination of the couplings hWB and h
(3)
ϕ , see (5.4) in [8]:
s2eff =
(
sSMeff
)2 (
1 + 3.39 hWB + 0.71 h
(3)
ϕ
)
. (2.7)
A large number of Z-pole observables depends on the anomalous couplings only
through s2eff , see table 16.1 of [23] and Sect. 5 of [8]. Thus the measured value
of s2eff determines bounds on the linear combination of hWB and h
(3)
ϕ occurring in
(2.7). The total width of the Z boson, ΓZ , the mass mW and width ΓW of the W bo-
son depend on these two anomalous couplings in a different way. Therefore from the
measured values of s2eff , ΓZ , σ
0
had, R
0
ℓ , mW and ΓW bounds on these two couplings
individually are obtained in [8]. One further CP conserving coupling, hW , enters
the three-gauge-boson vertices γWW and ZWW and therefore can be constrained
when considering direct measurements of the TGCs. Altogether, from present data
the three CP conserving couplings hWB, h
(3)
ϕ and hW can be determined. We list the
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s2eff , ΓZ , σ
0
had, R
0
ℓ , mW , ΓW , TGCs
mH 120 GeV 200 GeV 500 GeV δh× 103 W(h)
hW ×103 −62.4 −62.5 −62.8 36.3 1 −0.007 0.008
hWB ×103 −0.06 −0.22 −0.45 0.79 1 −0.88
h
(3)
ϕ ×103 −1.15 −1.86 −3.79 2.39 1
Table 2: Final results from [8] for CP conserving couplings in units of 10−3 for a Higgs
mass of 120 GeV, 200 GeV and 500 GeV respectively. The anomalous couplings are
extracted from existing electroweak precision data for the observables listed in the
first row. The errors δh and the correlations of the errors are independent of the
Higgs mass within the given accuracy. The correlation matrix is given in the three
right most columns.
corresponding results from [8] in Tab. 2. Since the SM predictions of these observ-
ables depend on the mass mH of the Higgs boson, the bounds for the hi are functions
of mH , too.
In addition, from the measurement of TGCs at LEP2 the following values for two
CP violating couplings are obtained in [8],
hW˜ = 0.068± 0.081 , (2.8)
hW˜B = 0.033± 0.084 . (2.9)
3 The process γγ →WW → 4 fermions
3.1 Fixed photon energies
In this section we review briefly the differential cross section for the process γγ →
WW → 4f in the presence of anomalous couplings. For more details see [5]. It is
essential here to use the PW scheme (2.1) since in the PZ scheme the hi would modify
theW mass and therefore the kinematics of the reaction, which is highly inconvenient.
The final-state fermions are leptons or quarks and we start with fixed photon energies.
The case where the initial photons are not monochromatic but have Compton-energy
spectra will be considered in the following section. Our notation for particle momenta
and helicities is shown in Fig. 1. The production of the W bosons is described in the
γγ c.m. frame. Our coordinate axes are chosen such that the WW -boson production
takes place in the x-z plane, the photon momentum k1 points in the positive z-
direction and the unit vector in y-direction is given by eˆy = (k1 × k3)/|k1 × k3|.
For unpolarised photons we obtain in the narrow-width approximation for the
W bosons and considering all final-state fermions to be massless
dσ
dcosΘ dcos ϑ dϕ dcosϑ dϕ
=
3β
213π3s
B12B34 Pλ3λ4λ′
3
λ′
4
Dλ3λ′
3
Dλ4λ′
4
. (3.1)
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Figure 1: Conventions for particle momenta and helicities.
Here summation over repeated indices is implied and β = (1− 4m2W/s)1/2 is the ve-
locity of each W boson in the γγ c.m. frame. The branching ratio for the decay
W → fif j is denoted by Bij . The W helicity states are defined in the coordinate sys-
tem shown in Fig. 1. For the definition of the polarisation vectors see App. C in [5].
The polar angle between the positive z-axis and the W−momentum is denoted by Θ.
The cross section does not depend on the azimuthal angle of the W−momentum due
to rotational invariance. The respective frames for the decay tensors are defined by a
rotation by Θ about the y-axis of the frame in Fig. 1 such that the W− (W+) momen-
tum points in the new positive (negative) z-direction and a subsequent rotation-free
boost into the c.m. system of the corresponding W boson. The spherical coordinates
ϑ, ϕ and ϑ, ϕ are those of the f1- and f 4-momentum directions, respectively. The
WW -production and W -decay tensors in (3.1) are given by
Pλ3λ4λ′
3
λ′
4
(Θ) =
∑
λ1,λ2
M(λ1, λ2;λ3, λ4)M∗(λ1, λ2;λ′3, λ′4) , (3.2)
M(λ1, λ2;λ3, λ4) ≡ 〈W−(k3, λ3)W+(k4, λ4)|T |γ(k1, λ1) γ(k2, λ2)〉 , (3.3)
Dλ3λ′
3
(ϑ, ϕ) = lλ3l
∗
λ′
3
, (3.4)
Dλ4λ′
4
(ϑ, ϕ) = lλ4l
∗
λ′
4
, (3.5)
where we have suppressed the phase-space variables on the right hand side. The
production amplitudesM and the functions occurring in the decay tensors are listed
in App. D in [5].
To first order in the anomalous couplings the amplitudesM are obtained from the
SM diagrams, diagrams containing one anomalous triple- or quartic-gauge-boson ver-
tex and the s-channel Higgs-boson exchange. The Feynman rules that are necessary
to compute these diagrams are listed in App. B in [5]. This gives
M =MSM +
∑
i
hiMi + O(h2) , (3.6)
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where all particle momenta and helicities are suppressed. MSM is the SM tree-level
amplitude and i =W, W˜ , ϕW,ϕW˜ , ϕB, ϕB˜,WB, W˜B. The couplings h
(1)
ϕ and h
(3)
ϕ
do not enter the amplitudes (3.6) to first order, since the related operators do not
contribute to any anomalous gauge-boson vertex (see Tab. 1).
Since the couplings hi, i = W, W˜ , ϕW,ϕW˜ , ϕB, ϕB˜,WB, W˜B contribute to the dif-
ferential cross section, one could expect that these 8 couplings are measurable at a
photon collider. But this is not the case since some amplitudes Mi are related in
a trivial way. We find the following relations between amplitudes, independently of
helicities and momenta,
s21MϕB = c21MϕW , (3.7)
s21MϕB˜ = c21MϕW˜ , (3.8)
where
s21 ≡
e2
4
√
2GF m2W
, c21 ≡ 1− s21 , (3.9)
are combinations of input parameters in the PW scheme. Hence the corresponding
four anomalous couplings do not appear in the amplitudes in an independent way but
only as linear combinations
hϕWB ≡ s21 hϕW + c21 hϕB , (3.10)
hϕW˜B˜ ≡ s21 hϕW˜ + c21 hϕB˜ . (3.11)
We conclude that the process γγ →WW is sensitive to the anomalous couplings
hW , hW˜ , hϕWB, hϕW˜B˜, hWB and hW˜B. The couplings h
(1)
ϕ , h
(3)
ϕ and the orthogonal
combinations to (3.10) and (3.11), that is
h′ϕWB = c
2
1hϕW − s21hϕB , (3.12)
h′
ϕW˜B˜
= c21hϕW˜ − s21hϕB˜ , (3.13)
do not enter in the expressions for the amplitudes of γγ → WW due to (3.7) and
(3.8).
3.2 Photons at a γγ collider
In the last section we discussed the differential cross section of the process γγ →
WW → 4f for fixed γγ c.m. energy √s. However, at a real γγ collider the photons
do not have fixed energies in the laboratory system (LS) but they have a rather wide
energy distribution. We now consider unpolarised photons whose energy is distributed
according to a Compton spectrum [24]. This is still not completely realistic but good
enough for our purposes.
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We consider two beams of a collider where electrons of energy Ee (in the LS) scatter
on laser photons of energy ω to give high-energy photons by Compton scattering.
According to (30a) in [24] the γγ luminosity spectrum is given by
dLγγ = k
2 Lee f
(
x,
E1
Ee
)
f
(
x,
E2
Ee
)
dE1
Ee
dE2
Ee
, (3.14)
where E1 and E2 are the energies of the two photons in the LS, Lee is the luminosity
of the e+e− collider and k is the conversion factor for the γ production, see [24] for
further details. The parameter x is given by
x =
4Ee ω
m2e
cos2
α
2
, (3.15)
where me is the electron mass, ω is the energy of the laser photons and α is the angle
between the incoming electron and the laser photon. Throughout this paper, we use
x = 4.6. The energy spectrum of the scattered photons is, cf. (6a) in [24]:
f(x, y) =
(
ln x+
1
2
)−1 [
1− y + 1
1− y −
4y
x(1− y) +
4y2
x2(1− y)2
]
. (3.16)
Because we expressed the differential cross section in Sect. 3.1 as function of the
squared γγ c.m. energy s = 4E1E2, it is convenient to express the spectrum (3.14)
in terms of s and E1 instead of E1 and E2. Using (3.14), one gets,
dLγγ =
k2 Lee
2E2e
√
s
E1
f
(
x,
E1
Ee
)
f
(
x,
s
4E1Ee
)
dE1 d
√
s . (3.17)
For the unpolarised differential cross section of the process ee → γγ → WW → 4 f
induced by Compton backscattering we hence obtain:
dσee→γγ→WW→4 f
d
√
s dE1 dφ
=
1
Lee
dLγγ
d
√
s dE1
dσ (
√
s)
dφ
=
k2
2E2e
S˜ , (3.18)
S˜ ≡
√
s
E1
f
(
x,
E1
Ee
)
f
(
x,
s
4E1Ee
)
dσ (
√
s)
dφ
, (3.19)
where
φ = (Θ, ϑ, ϕ, ϑ, ϕ) (3.20)
stands for the set of five phase space variables defined in Fig. 1 and dσ (
√
s) /dφ is
the differential cross section (3.1) for fixed γγ c.m. energy
√
s.
3.3 Kinematics
It is now easy to see that the final state in the reaction γγ → WW → 4 fermions at
a photon collider is uniquely specified by the 7 variables
χ ≡ (√s, E1, φ) , (3.21)
10
considering unpolarised photons and summing over the helicities of the final fermions.
We would like to determine to which extent the variables χ can be reconstructed in
an experiment if we consider the case of one W decaying leptonically and one to a
quark-antiquark pair, qq¯, that is to two jets. We suppose that the jets are not tagged
as q or q¯ jet and that, therefore, the (anti)quark cannot be associated to one of the
two jets. We assume that the following variables can be measured:
ξ ≡
(
kW,x, kW,z, k̂jet,kℓ
)
. (3.22)
Here kW,x and kW,z are the x- and z-components of the momentum in the LS of theW
boson that decays into two jets. Furthermore, k̂jet is the momentum direction of one of
the jets in the rest frame of thisW and kℓ is the momentum of the charged lepton from
the decay of the other W in the LS. In our coordinates we have kW,y = 0, see Fig. 1.
Thus 7 quantities are measurable on which the cross section depends in a non-trivial
way. From counting of variables we therefore conclude that the full set of variables
χ may be reconstructible. However, there can be ambiguities, that is for events with
certain measured kinematic variables ξ there may correspond two or more final states
χk with k = 1, 2, . . . that cannot be distinguished. Two different ambiguities occur
in our reaction. The first one is due to the fact that the neutrino momentum cannot
be directly measured, the second one occurs because the jet charges are not tagged.
In App. A we take a closer look at these ambiguities.
4 Optimal observables
In Sect. 2 we saw that the operators OWB and O
(3)
ϕ have an impact on electroweak pre-
cision observables measured at LEP and SLD, whereas the operators OW , OW˜ , OWB
and OW˜B affect the W -pair production in e
+e− collisions. According to the results of
Sect. 3 we can constrain even more couplings in the process γγ →WW → 4 fermions,
that is the linear combinations hϕWB (3.10) and hϕW˜B˜ (3.11) which enter in the now
accessible anomalous γγH vertex, see Tab. 1. To compute the maximum sensitivity
of the normalised differential distribution to the anomalous couplings we use optimal
observables [19, 20, 25]. This method has been applied to analyses of triple gauge
couplings in the reaction e+e− → WW in [18–20] which takes into account all sta-
tistical correlations of the errors on the couplings. We summarise below the general
properties of optimal observables, see [26] for details.
In an experiment one measures the differential cross section
S(ξ) = dσ/dξ , (4.1)
where ξ denotes the set of all measured phase space variables. Expanding S in the
anomalous couplings one can write
S(ξ) = S0(ξ) +
∑
i
Si(ξ) hi +O(h
2) , (4.2)
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where S0(ξ) is the tree-level cross section in the SM. One way to extract the anoma-
lous couplings from the measured distribution (4.2) is to look for a suitable set of
observables Oi(ξ) whose expectation values
E[Oi] = 1
σ
∫
dξ S(ξ)Oi(ξ) (4.3)
are sensitive to the dependence of S on the couplings hi. Here, we will use the
following observables,
Oi(ξ) = Si(ξ)
S0(ξ)
. (4.4)
These observables are optimal in the sense that for hi → 0 the errors on the couplings
extracted from them are as small as they can be for a given probability distribution,
see [19, 20, 26]. Using this set of observables the resulting covariance matrix is,
V (h) =
1
N
c−1 +O(h) , (4.5)
cij =
∫
dξ (Si(ξ)Sj(ξ))/S0(ξ)∫
dξ S0(ξ)
−
∫
dξ Si(ξ)
∫
dξ Sj(ξ)(∫
dξ S0(ξ)
)2 . (4.6)
Apart from being useful for actual experimental analyses, the observables (4.4) thus
provide insight into the sensitivity that is at best attainable by any method, given
a certain process—described by a differential cross section S(ξ)—and specified ex-
perimental conditions. We further note that phase space cuts, as well as detector
efficiency and acceptance have no influence on the observables being ”optimal” in the
above sense, since their effects drop out in the ratio (4.4). This is not the case for
detector resolution effects, but the observables (4.4) are still close to optimal if such
effects do not significantly distort the differential distributions Si and S0 (or tend to
cancel in their ratio). To the extent that they are taken into account in the data
analysis, none of these experimental effects will bias the estimators.
In the present work we use the method of optimal observables in the linear ap-
proximation valid for small anomalous couplings. But we emphasise that in [20] the
method has been extended to the fully non-linear case where one makes no a priori
assumptions on the size of anomalous couplings.
With the differential cross section (3.1) and the covariance matrix (4.5) in leading
order of the anomalous couplings we have the basic ingredients at hand to calculate
the sensitivities δhi =
√
Vii.
Now we construct the functions S0(ξ) and Si(ξ) needed for the optimal observables
(4.4). The reconstruction ambiguities discussed in Sect. 3.3 and App. A introduce
some slight complications. We start from a particular set of phase-space variables χ
that specifies the final state uniquely. In our case this set is given by (3.21). The
differential cross section in terms of these variables is
T (χ) ≡ dσ/dχ . (4.7)
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The cross section for the measurable set of variables ξ (3.22), is then
S(ξ) =
∫
dχ δ(F (χ)− ξ) T (χ) . (4.8)
The function F , expressing the relation of ξ to χ, may take the same value for different
values of χ, that is for a given ξ the equation
F (χ) = ξ (4.9)
may have several solutions χk ≡ χk(ξ) with k = 1, 2, . . .. In general, the number of
solutions to (4.9) may vary with ξ. If ξ are the coordinates that can be measured
of an event χ, the set of final states χk consists of χ itself as well as all final states
that cannot be distinguished from χ by a measurement of ξ. Coming back to (4.8)
we have
S(ξ) =
∑
k
|Jk|−1 T (χk(ξ)) (4.10)
where
Jk ≡ det ∂F
∂χ
(χk(ξ)) (4.11)
is the Jacobian determinant taken at point χk.
The cross section S(ξ) in (4.10) is to be used for the construction of the optimal
observables according to (4.1) - (4.6). The sums which are generally occurring in
(4.10) with the number of terms in the sum depending on ξ must be adequately
treated in the integrations of (4.3) and (4.6). See [26] for the details.
We now apply these considerations to the reaction γγ → WW → 4 fermions.
At a photon collider, the photons have a nontrivial energy spectrum as described in
Sect. 3.2. The final state is specified uniquely by the variables χ, see (3.21). If we
assume that the variables ξ in (3.22) are measurable we obtain a two-fold ambiguity
in the reconstruction of ξ for part of the phase space and a four-fold one for another
part, see Sect. 3.3 and App. A. We must now calculate F (χ) (4.9) and the Jacobian
(4.11).
Suppose first that the W+ decays into leptons and the W− hadronically. After
performing the appropriate boosts and rotations between the reference frames defined
in Sect. 3 and the LS we obtain
kW,x = mW γ β sin Θ , (4.12)
kW,z = mW γ(b− + b+ β cosΘ) , (4.13)
kℓ,x =
mW
2
[
γ(cos ϑ− β) sinΘ + sin ϑ cosϕ cosΘ] , (4.14)
kℓ,y =
mW
2
sinϑ sinϕ , (4.15)
kℓ,z =
mW
2
[b− γ(1− β cosϑ)
+ b+γ(cos ϑ− β) cosΘ− b+ sinϑ cosϕ sinΘ] ,
(4.16)
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where
γ =
√
s
2mW
, β =
√
1− 1/γ2 , b± = 4E
2
1 ± s
4E1
√
s
=
E1 ± E2√
s
. (4.17)
Since the jet direction k̂jet is already defined in the W
− rest system, the relation to
the angles of Fig. 1 is,
k̂jet =

sinϑ cosϕsin ϑ sinϕ
cosϑ

 . (4.18)
Eqs. (4.12) to (4.16) together with (4.18) specify F (χ) and the calculation of the
Jacobian (4.11) is now straightforward. If W− decays into leptons and W+ into
quarks, we have to make the replacements
(ϑ, ϕ) −→ (ϑ, ϕ)
β −→ −β (4.19)
in (4.12) to (4.16) and in (4.18).
With this we have collected all tools needed for the evaluation of (4.10) and of the
integrals in (4.3) and (4.6).
5 Results
5.1 Anomalous couplings in γγ → WW
We now give the sensitivity to the anomalous couplings in the reaction γγ → WW
where we allow all couplings to deviate from zero simultaneously. These results are
then compared to those obtained in [8] for e+e− → WW . For the photon collider
mode we consider the c.m. energies of the initial e−e− system as listed in the left-most
column of Tab. 3. Energies of 500 GeV and 800 GeV are planned for the ILC and
higher energies are supposed to be feasible at CLIC. The same energies are considered
for the (standard) e+e− mode. The second column shows the integrated luminosities
that we assume for the e+e− mode. Our calculations for the reaction γγ → WW
are done for fixed c.m. energies
√
s of the two photon system as given in the third
column and with a Compton spectrum for each photon as described in Sect 3.2. For
the latter case the values for
√
s listed in the table roughly correspond to the maxima
in the photon spectrum at the respective e−e− energies. For the integrated luminosity
in the γγ mode we use the approximation (cf. Sect. 4 of [3])
Lγγ =
1
3
Lee . (5.1)
Using the input values (2.2) - (2.5) the total cross section for γγ →WW in the SM
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√
see Lee
√
s N/107 8
27
N/107
500 GeV 500 fb−1 400 GeV 1.5 0.44
800 GeV 1.0 ab−1 640 GeV 3.0 0.89
1.5 TeV 1.5 ab−1 1.2 TeV 4.5 1.3
3 TeV 3.0 ab−1 2.4 TeV 9.0 2.7
Table 3: From the left to the right, c.m. energy of the e−e− system (in the photon
collider mode) or e+e− system, luminosity in the e+e− mode, c.m. energy
√
s of the
γγ system, total number of W pairs in units of 107 that are produced in γγ → WW
and number of W pairs decaying semileptonically.
for unpolarised photon beams is ≈ 90 pb, almost constant in the energy range we
consider. The number of produced W pairs is therefore
N ≈ 1
3
Lee 90 pb , (5.2)
which is given in the fourth column of Tab. 3. The number of events that is used for the
statistical errors on the anomalous couplings is N times the branching ratio 8/27 for
semileptonic decays of the W bosons, shown in the right-most column. In the optimal
observables (4.4) any overall factor of the cross section, e.g. the conversion factor k
in (3.18), cancels. Thus the total event rate appears in the covariance matrices of the
anomalous couplings only as the statistical factor in the denominator of (4.5). The
errors on the couplings for other total rates than those listed in Tab. 3 can therefore
be easily calculated from the numbers listed below. We use the listed values for the
total event rates N both for the case with fixed γγ c.m. energy and for the case with
the Compton spectrum.
We give the errors on the couplings in the presence of all other couplings. These
errors are obtained from the diagonal elements of the covariance matrices of the
anomalous couplings
δhi =
√
V (h)ii . (5.3)
We also show the corresponding correlation matrices
W (h)ij =
V (h)ij√
V (h)ii V (h)jj
. (5.4)
For these calculations we use the input values (2.2) - (2.5). For the Higgs mass
we choose two different values namely 120 and 150 GeV. In Tab. 4 we show the
sensitivities (5.3) and correlation matrices (5.4) using the covariance matrix (4.5) for
various fixed γγ c.m. energies
√
s and a Higgs mass of 120 GeV. In that case we
have to deal only with the jet ambiguity, see App. A. We observe that there is no
correlation between CP -violating and CP -conserving couplings. For
√
s = 400 GeV
all reachable errors are between 2.3 × 10−4 and 1.2 × 10−3, except for hW˜B where it
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is 3.4 × 10−3. For all couplings except for hW˜B and hϕW˜B˜ the sensitivity improves
with rising energy, viz. a factor 1.6 to 3.9 with each energy step. This is in part a
consequence of the increasing number N of produced W pairs entering the covariance
matrix (4.5), see Tab. 3. Since the sensitivities (5.3) are proportional to 1/
√
N ,
this will lead to an improvement of approximately 2.5 going from the smallest to the
largest energies. We see that this is not the whole effect. Additionally, the sensitivities
increase just because the impact of anomalous, higher-dimensional operators has to
increase with rising energy.
In contrast, the errors on hW˜B and hϕW˜B˜ increase slightly with rising energy. To
understand this effect one has to take a closer look on the respective anomalous
amplitudes in [5] in comparison to the SM amplitude. Let us just mention that
the matrix (4.6) and the sensitivity would vanish if the optimal observable (4.4)
were constant even if the absolute value of (4.4) would strongly increase. Hence the
sensitivity can decrease even for increasing anomalous contribution, if the contribution
of the corresponding dimension-six operator to the amplitude becomes proportional
to the SM amplitude at high energies.
For the CP conserving couplings at 400 GeV most correlations are about 50 %.
At higher energies only the correlation between hWB and hϕWB is large whereas all
others in the CP conserving sector are about 20% or smaller. This is different for
the CP violating couplings where all correlations are larger than about 60% at all
energies. In particular, the correlation between hW˜B and hϕW˜B is -0.98 at 640 GeV
and -1.0 at higher energies within the numerical errors. This can be understood as
follows: For longitudinally polarised W bosons the three amplitudes MW˜B, MϕW˜
andMϕB˜ show in the high-energy limit s≫ m2W the same dependence on the photon
helicities and on the angle Θ, see App. D in [5]. Since for transversely polarised W
bosons the corresponding amplitudes are suppressed in this limit, the couplings hϕW˜B˜
and hW˜B are highly correlated for s ≫ m2W . Similar arguments explain the above
mentioned energy behaviour of δhW˜B and δhϕW˜B˜.
To illustrate the dependence on the Higgs mass, we show in Tab. 5 sensitivities
and correlation matrices calculated under the same conditions as those in Tab. 4.
Only the Higgs mass is increased from 120 to 150 GeV. For the CP -conserving cou-
plings only the coupling hϕWB is influenced. For the smallest energy the sensitivity
increases around 8% and is unchanged for the larger energies. The sensitivity on the
CP -violating coupling hW˜B increases around less then 1%. For the CP -violating cou-
pling hϕW˜B˜ we observe the strongest dependence on the Higgs mass. The sensitivity
increases between 13% at the smallest energy and around 1% at the largest energy.
In conclusion we see that the dependence on the Higgs mass is small for the mass
range 120-150 GeV. This is at present roughly the favoured mass window from direct
searches and indirect evidence [27]. In the following we will focus on one certain value
of the Higgs mass namely 120 GeV.
The results listed in Tab. 6 are similar to those in Tab. 4, but here the photons
are distributed according to the Compton spectrum (CS). The relevant differential
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CP -conserving couplings CP -violating couplings
400 GeV
δh W (h) δh W (h)
h ×103 hW hWB hϕWB h ×103 hW˜ hW˜B hϕW˜B˜
hW 0.23 1 0.479 -0.256 hW˜ 0.31 1 0.690 -0.556
hWB 0.89 0.479 1 -0.496 hW˜B 3.41 0.690 1 -0.852
hϕWB 1.16 -0.256 -0.496 1 hϕW˜B˜ 1.13 -0.556 -0.852 1
640 GeV
δh W (h) δh W (h)
h ×103 hW hWB hϕWB h ×103 hW˜ hW˜B hϕW˜B˜
hW 0.083 1 0.332 -0.254 hW˜ 0.12 1 0.667 -0.654
hWB 0.50 0.332 1 -0.648 hW˜B 3.29 0.667 1 -0.979
hϕWB 0.62 -0.254 -0.648 1 hϕW˜B˜ 1.26 -0.654 -0.979 1
1200 GeV
δh W (h) δh W (h)
h ×103 hW hWB hϕWB h ×103 hW˜ hW˜B hϕW˜B˜
hW 0.033 1 0.178 -0.167 hW˜ 0.048 1 0.654 -0.655
hWB 0.32 0.178 1 -0.792 hW˜B 4.61 0.654 1 -0.998
hϕWB 0.34 -0.167 -0.792 1 hϕW˜B˜ 1.88 -0.655 -0.998 1
2400 GeV
δh W (h) δh W (h)
h ×103 hW hWB hϕWB h ×103 hW˜ hW˜B hϕW˜B˜
hW 0.011 1 0.086 -0.092 hW˜ 0.015 1 0.585 -0.586
hWB 0.18 0.086 1 -0.907 hW˜B 5.20 0.585 1 -1.000
hϕWB 0.17 -0.092 -0.907 1 hϕW˜B˜ 2.17 -0.586 -1.000 1
Table 4: Errors δh in units of 10−3 for the CP conserving (left) and CP violating
couplings (right) in the presence of all other couplings and correlation matrices W (h)
for a γγ c.m. energy of
√
s = 400, 640, 1200 and 2400 GeV with unpolarised beams.
The mass of the Higgs boson is set to 120 GeV.
cross section is now given by (3.19). Furthermore, in addition to the jet ambiguity
the neutrino ambiguity enters the calculation, see App. A. As we can see, if we
compare the Tabs. 4 and 6, the results do not change so much. Due to the additional
ambiguity, the errors for hW , hWB, hϕWB and hW˜ are slightly higher. In contrast,
the errors for hW˜B, hϕW˜B˜ are smaller except for the 3000 GeV case. This is easily
understood: As already discussed above, the errors for these two couplings decrease
with decreasing fixed γγ c.m. energies. Taking the Compton spectrum into account,
also lower energies with a better sensitivity will now enter the final result.
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CP -conserving couplings CP -violating couplings
400 GeV
δh W (h) δh W (h)
h ×103 hW hWB hϕWB h ×103 hW˜ hW˜B hϕW˜B˜
hW 0.23 1 0.477 -0.241 hW˜ 0.31 1 0.688 -0.536
hWB 0.89 0.477 1 -0.466 hW˜B 3.39 0.688 1 -0.829
hϕWB 1.07 -0.241 -0.466 1 hϕW˜B˜ 0.99 -0.536 -0.829 1
640 GeV
δh W (h) δh W (h)
h ×103 hW hWB hϕWB h ×103 hW˜ hW˜B hϕW˜B˜
hW 0.083 1 0.331 -0.250 hW˜ 0.12 1 0.671 -0.657
hWB 0.50 0.331 1 -0.638 hW˜B 3.33 0.671 1 -0.979
hϕWB 0.60 -0.250 -0.638 1 hϕW˜B˜ 1.22 -0.657 -0.979 1
1200 GeV
δh W (h) δh W (h)
h ×103 hW hWB hϕWB h ×103 hW˜ hW˜B hϕW˜B˜
hW 0.033 1 0.178 -0.167 hW˜ 0.048 1 0.655 -0.655
hWB 0.32 0.178 1 -0.790 hW˜B 4.61 0.655 1 -0.998
hϕWB 0.34 -0.167 -0.790 1 hϕW˜B˜ 1.86 -0.655 -0.998 1
2400 GeV
δh W (h) δh W (h)
h ×103 hW hWB hϕWB h ×103 hW˜ hW˜B hϕW˜B˜
hW 0.011 1 0.086 -0.092 hW˜ 0.015 1 0.583 -0.583
hWB 0.18 0.086 1 -0.907 hW˜B 5.15 0.583 1 -1.000
hϕWB 0.17 -0.092 -0.907 1 hϕW˜B˜ 2.14 -0.583 -1.000 1
Table 5: Similar to Tab. 4 but with a Higgs mass of 150 GeV.
5.2 Comparison with e+e− → WW
Finally, we would like to compare our results from Sect. 5.1 with those obtained
for the reaction e+e− →WW in [8]. Tab. 7 combines the sensitivities reachable at a
e+e− collider [8] and a γγ collider with the bounds that can be obtained using present
data [8]. We see that the couplings hϕWB and hϕW˜B˜ are only testable at a γγ collider
since only here the anomalous γγH vertex enters, see Tab. 1 and [5]. This already
underlines the importance of the γγ mode at a future LC. Concerning the reachable
sensitivities for the couplings which are testable in both modes, the differences are
quite small. Only for the couplings hWB and hW˜B one sees a clear tendency of the
e+e− mode to give the better sensitivities.
On the left hand side of Tab. 7 we list the constraints [8] on the anomalous
couplings that we can get from present data. These data cover precision observables
and results of the direct measurement of triple gauge-couplings in e+e− → WW
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CP -conserving couplings CP -violating couplings
500 GeV
δh W (h) δh W (h)
h ×103 hW hWB hϕWB h ×103 hW˜ hW˜B hϕW˜B˜
hW 0.36 1 0.519 -0.120 hW˜ 0.46 1 0.630 -0.238
hWB 1.08 0.519 1 -0.299 hW˜B 3.17 0.630 1 -0.550
hϕWB 1.17 -0.120 -0.299 1 hϕW˜B˜ 1.01 -0.238 -0.550 1
800 GeV
δh W (h) δh W (h)
h ×103 hW hWB hϕWB h ×103 hW˜ hW˜B hϕW˜B˜
hW 0.13 1 0.407 -0.256 hW˜ 0.17 1 0.553 -0.491
hWB 0.60 0.407 1 -0.547 hW˜B 2.64 0.553 1 -0.904
hϕWB 0.74 -0.256 -0.547 1 hϕW˜B˜ 0.97 -0.491 -0.904 1
1500 GeV
δh W (h) δh W (h)
h ×103 hW hWB hϕWB h ×103 hW˜ hW˜B hϕW˜B˜
hW 0.050 1 0.265 -0.231 hW˜ 0.074 1 0.528 -0.525
hWB 0.40 0.265 1 -0.741 hW˜B 3.46 0.528 1 -0.988
hϕWB 0.44 -0.231 -0.741 1 hϕW˜B˜ 1.39 -0.525 -0.988 1
3000 GeV
δh W (h) δh W (h)
h ×103 hW hWB hϕWB h ×103 hW˜ hW˜B hϕW˜B˜
hW 0.016 1 0.146 -0.145 hW˜ 0.026 1 0.508 -0.509
hWB 0.23 0.146 1 -0.881 hW˜B 4.33 0.508 1 -0.999
hϕWB 0.22 -0.145 -0.881 1 hϕW˜B˜ 1.80 -0.509 -0.999 1
Table 6: Errors δhi and correlation matrices W (h) in units of 10
−3 for the CP con-
serving (left) and CP violating couplings (right) in the presence of all other couplings.
We consider photons obtained through Compton backscattering off electrons with an
ee c.m. energy of
√
see = 500, 800, 1500 and 3000 GeV. The mass of the Higgs boson
is set to 120 GeV. The photons are supposed to be unpolarised and have an energy
distributed according to a Compton spectrum, see Sect. 3.2. Since approximately 80%
of the c.m. energy will be transfered into the γγ system these results are comparable
to the results from Tab. 4.
at LEP2. Surprisingly, we get good constraints on h
(3)
ϕ and hWB from present high-
precision observables, see Sect. 2 and [8]. The sensitivity for hWB reachable in W -pair
production at a future LC of the next generation is only of the same order as the
present bound. Only at a LC with an even larger luminosity and energy like CLIC [2]
we expect an improvement for this particular coupling. For the coupling h
(3)
ϕ we
can not expect any improvements through W -pair production. The best way to
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improve the knowledge about these two couplings at a LC would be to decrease the
errors of the precision observables further. The Giga-Z mode offers such a possibility.
A measurement at the Z pole with an event rate that is about 100 times that of
LEP1 should in essence reduce the errors δhWB and δh
(3)
ϕ given in Tab. 7 by a factor
of 10. The errors on the other couplings which are constrained only by the direct
measurements of the triple gauge-couplings will improve significantly at a future LC.
6 Conclusions
We have presented an analysis of the phenomenology of the gauge-boson sector of an
electroweak effective Lagrangian that is locally SU(2)×U(1) invariant. In addition to
the SM Lagrangian we included all ten dimension-six operators that are built either
only from the gauge-boson fields of the SM or from the gauge-boson fields combined
with the SM-Higgs field.
In a preceding work [8] the impact of these anomalous couplings onto observables
from Z decays and W production at hadron and e+e− colliders were studied in this
framework. For a large class of observables the anomalous effects only show up
through a modified effective leptonic weak mixing angle. Other observables depend
on the anomalous couplings in a different way and therefore lead to further constraints.
From all data constraints on three CP conserving and two CP violating couplings
were derived as reviewed in Sect. 2.
In the present paper we calculated the statistically best possible bounds on the
anomalous couplings that can be obtained from γγ → WW at a photon collider by
means of optimal observables. The couplings hW , hWB, hW˜ and hW˜B can be measured
both in γγ →WW and in e+e− →WW . The sensitivity to these anomalous cou-
plings achievable in the two reactions is similar. The couplings hϕWB and hϕW˜B˜ can
only be measured in γγ → WW .
We point out that one gets already today constraints for hWB and h
(3)
ϕ from pre-
cision observables which are quite comparable with the sensitivity that one expects
to reach in e+e− →WW and γγ →WW at an ILC, see Sect. 5.2. Hence, we expect
to get the best constraints for these two couplings by improving the accuracy of the
precision observables, e.g. in the Giga-Z mode of an ILC.
We summarise our findings. An ILC with e+e− collisions at
√
s = 500 GeV
will improve the sensitivity to the couplings hW , hW˜ and hW˜B compared to the
present bounds by factors of about 140, 290 and 38, respectively. The Giga Z option
will improve the bounds on hWB and h
(3)
ϕ by about a factor of 10. Only the γγ
collider will make the study of the couplings hϕWB and hϕW˜B˜ possible. The obtainable
sensitivities are comparable to those for the other couplings from the e+e− mode.
Three combinations out of the original ten anomalous couplings in (1.2), that is
h
(1)
ϕ , h′ϕWB (3.12) and h
′
ϕW˜B˜
(3.13) remain unmeasurable from the normalised event
distributions of the reactions considered here.
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Sensitivity at a LC
Constraints from e+e− γγ mode γγ mode
LEP and SLD mode fixed
√
sγγ with CS
mH hi
√
see δhi
√
sγγ δhi
√
see δhi
[GeV] ×103 [GeV] ×103 [GeV] ×103 [GeV] ×103
Measureable CP -conserving couplings
−69± 39 500 0.28 400 0.23 500 0.36
hW
Constraint from 800 0.12 640 0.083 800 0.13
TGCs measurement 1200 0.033 1500 0.050
at LEP 2 3000 0.018 2400 0.011 3000 0.016
120 −0.06± 0.79 500 0.32 400 0.89 500 1.08
hWB 200 −0.22± 0.79 800 0.16 640 0.50 800 0.60
500 −0.45± 0.79 1200 0.32 1500 0.40
3000 0.015 2400 0.18 3000 0.23
400 1.16 500 1.17
hϕWB
Does not Does not 640 0.62 800 0.74
contribute contribute 1200 0.34 1500 0.44
2400 0.17 3000 0.22
120 −1.15± 2.39 500 36.4
h
(3)
ϕ 200 −1.86± 2.39 800 53.7 Does not
500 −3.79± 2.39 contribute
3000 “∞”
Measureable CP -violating couplings
68± 81 500 0.28 400 0.31 500 0.46
hW˜
Constraint from 800 0.12 640 0.12 800 0.17
TGCs measurement 1200 0.048 1500 0.074
at LEP 2 3000 0.018 2400 0.015 3000 0.026
33± 84 500 2.2 400 3.41 500 3.17
hW˜B
Constraint from 800 1.4 640 3.29 800 2.64
TGCs measurement 1200 4.61 1500 3.46
at LEP 2 3000 0.77 2400 5.20 3000 4.33
400 1.13 500 1.01
hϕW˜B˜
Does not Does not 640 1.26 800 0.97
contribute contribute 1200 1.88 1500 1.39
2400 2.17 3000 1.80
Table 7: The present constraints from LEP and SLD as calculated in [8] and reviewed
in Sect. 2 and the expected sensitivities reachable in the different modes at a future
LC are shown. We assume the integrated luminosities and the number of W pairs
produced in γγ → WW as given in Tab. 3. For the calculation of the reachable
sensitivity at a LC we choose a Higgs mass of 120 GeV.
21
A quantitative analysis of the sensitivities to anomalous couplings as presented
here should help to decide how much total luminosity is required in each mode of
a future ILC. As already explained in Sect. 1, our approach, using the effective La-
grangian (1.1) instead of form factors, is perfectly suited for a comprehensive study
of all constraints on the hi coming from different modes at an ILC and from high
precision observables. We have seen that in any case the e+e− and the γγ modes
deliver complementary constraints on the anomalous couplings of the effective La-
grangian considered. Both modes as well as the Giga-Z mode are indispensable for a
comprehensive study of the gauge-boson sector at a future ILC.
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A Reconstruction ambiguities at a photon collider
In Sect. 4 we discussed the consequences of reconstruction ambiguities for the cal-
culation of the optimal observables (4.4) and the covariance matrix (4.5). Here we
discuss the two ambiguities appearing at a photon collider, that is the one from the
incomplete knowledge of the neutrino momentum and the one from no tag for the
quark and antiquark jets.
The first ambiguity enters only if we consider a Compton spectrum for the photon
energies. The lack of a direct measurement of the neutrino energy and momentum
leads to a two-fold ambiguity in the identification of E1 and
√
s. Remember that the
variables in (3.22) are the observable ones. Let kν be the neutrino momentum in the
LS. Its component perpendicular to the beam axis is given by
kν,⊥ = −kℓ,⊥ − kW,⊥ , (A.1)
with kW,⊥ = (kW,x, 0). If kℓ,⊥ 6= 0 we have
kν,z =
1
k2ℓ,⊥
(r kℓ,z ± g Eℓ) , Eν = 1
k2ℓ,⊥
(r Eℓ ± g kℓ,z) , (A.2)
where
r =
m2W
2
+ kℓ⊥ · kν⊥ , g =
√
r2 − k2ℓ⊥ k2ν⊥ . (A.3)
In (A.2) one has to simultaneously choose the upper or lower signs, i.e. there are
two corresponding solutions, provided that both g and kℓz are different from zero.
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The energies of the photons in the LS are obtained from energy and momentum
conservation:
E1 + E2 = EW + Eℓ + Eν , (A.4)
E1 − E2 = kW,z + kℓ,z + kν,z . (A.5)
For E1 we have
E1 =
1
2
(EW + Eℓ + Eν + kW,z + kℓ,z + kν,z) . (A.6)
One can easily check that in the case where there are two solutions (A.2) for kν,z and
Eν , these always lead to two different values for E1. From (A.4) and (A.5) we obtain
the squared γγ c.m. energy
s = 4E1E2 = k
2
W,x + k
2
ℓ,⊥ + k
2
ν,⊥ + 2(EWEℓ − kW,zkℓ,z)
+ 2(EW + Eℓ)Eν + 2(kW,z + kℓ,z)kν,z .
(A.7)
Inserting (A.2) into (A.7) we obtain in general two solutions for
√
s. In some regions
of the parameter space one of these solutions must be discarded since the value of√
s is unphysical. For some other cases where kℓ,⊥ or g are zero the two solutions are
identical. Because of these two reasons the two-fold neutrino ambiguity disappears
in part of the parameter space.
The second ambiguity appears also in the case where the photon energies are fixed
and arises since we supposed no identification of the charge of a jet. The relation
between the measurable jet direction k̂jet and the angles ϑ and ϕ is given in (4.18).
Since k̂jet is already defined in the W
− (W+) rest frame, the second jet appearing in
the hadronic decay of the W boson points in the opposite direction. Hence it is clear
that the lack of jet-charge tagging leads to a two-fold ambiguity in the angles ϑ, ϕ.
Since the Jacobian Jk in (4.10) is trivial in this case one can handle this ambiguity
basically through the restriction on one hemisphere in (4.18) to avoid the double
counting of indistinguishable jets.
Due to the two described cases, the variables χ (3.21) can be reconstructed only
with a four-fold or a two-fold ambiguity depending on the input values for the mea-
surable variables ξ.
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